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y = max(x1, x2, ..., c)



y = min(x1, x2, ..., c)



y = |x|



y = x1 ∧ x2 ∧ x3...



y = x1 ∨ x2 ∨ x3...



y = 1→ a′x ≤ b



y = pwl(x)



y = p0x
d + p1x

d−1 + ...+ pd−1x+ pd



y = ex



y = ax



y = loge(x)



y = loga(x)



y = xa



y = sin(x)



y = cos(x)



y = tan(x)



r = max{x1, . . . , xn, c}



r



x1, . . . , xn



c



n



xj



r = min{x1, . . . , xn, c}



r = abs{x}



x



r = and{x1, . . . , xn}



1



0



r = or{x1, . . . , xn}



z = f → aTx ≤ b



z



f



f ∈ {0, 1}



aTx ≤ b



z = 1− f



=



≥



aj



y = f(x)



y



xd



d+ 1



y = exp(x)



a > 0



y = log(x)



a



xTQx+ qTx ≤ b



2x2
0 + x0x1 + x2

1



Q



Bx = b



B



b



BTx = b



BT



Bx = Aj



Aj



A



j



i



B−1A



B−1



expr1



expr2



model.addConstr(expr1 <= expr2)
model.addConstr(expr1 == 1)
model.addConstr(2 ∗ x+ 3 ∗ y <= 4)



qexpr1



qexpr2



model.addQConstr(qexpr1 <= qexpr2)
model.addQConstr(qexpr1 == 1)
model.addQConstr(2 ∗ x ∗ x+ 3 ∗ y ∗ y <= 4)



model.addConstr(expr1, GRB.LESS EQUAL, expr2)
model.addConstr(expr1, GRB.EQUAL, 1)



model.addQConstr(qexpr1, GRB.LESS EQUAL, qexpr2)
model.addQConstr(qexpr1, GRB.EQUAL, 1)



model.AddConstr(expr1 <= expr2)
model.AddConstr(expr1 == 1)
model.AddConstr(2 ∗ x+ 3 ∗ y <= 4)



model.AddQConstr(qexpr1 <= qexpr2)
model.AddQConstr(qexpr1 == 1)
model.AddQConstr(2 ∗ x ∗ x+ 3 ∗ y ∗ y <= 4)



→



Ax = b



<



>



x′QL
QxQR

+ c′xc = rhs



model.addConstr(qexpr1 <= qexpr2)
model.addConstr(qexpr1 == 1)
model.addConstr(2 ∗ x ∗ x+ 3 ∗ y ∗ y <= 4)



Ax+ b



2.0 ∗ x



2.0 ∗ var



xTQx+ cTx+ alpha



` ≤ x ≤ u



xTQcx+ qTx ≤ beta



xi



alpha



x[resvar] = max {con, x[j] : j ∈ vars}



−∞



x[resvar] = min {con, x[j] : j ∈ vars}



∞



x[resvar] = |x[argvar]|



x[resvar] = and{x[i] : i ∈ vars}



x[resvar] = or{x[i] : i ∈ vars}



x[binvar] = binval⇒∑
(x(j) · a(j)) sense rhs



x[binvar]



∑
(x[vars(j)] · val(j)) sense rhs



≤



x[yvar] = f(x[xvar])



x[yvar] = p0x[xvar]d + p1x[xvar]d−1 + ...+ pd−1x[xvar] + pd



x[yvar] = exp(x[xvar])



x[yvar] = ax[xvar]



x[yvar] = log(x[xvar])



x[yvar] = log(x[xvar]) \ log(a)



x[yvar] = x[xvar]a



x[yvar] = sin(x[xvar])



x[yvar] = cos(x[xvar])



x[yvar] = tan(x[xvar])



|ObjBound−ObjV al|/|ObjV al|



ObjBound



ObjV al



3x+ 4y ≤ 5z



x > y



x− y



x <= Mb



M



3x2 + 4y2 + 5z ≤ 10



xTx ≤ y2



xTx ≤ yz



f()



r = max{x1, . . . , xk, c}



x1, . . . , xk



(r = 3, x1 = 2, x2 = 3, x3 = 0)



r = max{x1, x2, x3, 1.7}



3



2



1.7



r = min{x1, . . . , xk, c}



(r = 3, x = −3)



r = and{x1, . . . , xk}



(r = 1, x1 = 1, x2 = 1, x3 = 1)



r = and{x1, x2, x3}



r = or{x1, . . . , xk}



y = f → aTx ≤ b



y 6= f



y = 1− f



(x, y)



(x1, y1), (x2, y2), ..., (xn, yn)



r = xj + sj for all j = 1, . . . , k
r = c+ sk+1

z1 + . . .+ zk+1 = 1
SOS1(sj , zj) for all j = 1, . . . , k + 1

sj ≥ 0 for all j = 1, . . . , k + 1
zj ∈ {0, 1} for all j = 1, . . . , k + 1



r ≥ max{x1, . . . , xk, c}



sj ≥ 0



r ≤ max{x1, . . . , xk, c}



zj ∈ {0, 1}



sj



zj



zj = 1→ sj = 0



r = xj



r = c



r ≥ xj for all j = 1, . . . , k
r ≥ c



y = p0x
n + p1x

n−1 + ...+ pnx+ pn+1



y = ln(x)



a >= 0



Pu1

Pl1

Pu2

Pl2

Pu3

Pl3

1 2 x

1

2

3

4

y



y = x2



1.0



[0, 2]



Pu1(0, 0), Pu2(1, 1), Pu3(2, 4)



Pl1(0,−0.25), Pl2(1, 0.75), Pl3(2, 3.75)



0.0



Pl1, Pl2



Pl3



Pu1, Pu2



Pu3



0.6



Pui



0.4



Pli



(0,−0.1), (1, 0.9)



(2, 3.9)



−1



0.25



y = 2x− 1



(x, y) = (1, 1)



x = 0.9



x = 1.1



1.01



x = 1



3x+ 4y + 2



f(x)



(1, 1)

(3, 2)

(5, 4)

x[0] x[1] x[2]

y[0]

y[1]

y[2]



(1, 1)



(3, 2)



(5, 4)



f(1) = 1



f(3) = 2



f(5) = 4



f(−1) = 0



f(6) = 5



x = [x1, . . . , xn], y = [y1, . . . , yn]



f(v) =


y1 + y2−y1

x2−x1
(v − x1), if v ≤ x1,

yi + yi+1−yi
xi+1−xi

(v − xi), if v ≥ xi and v ≤ xi+1,

yn + yn−yn−1

xn−xn−1
(v − xn), if v ≥ xn.



x = xi



(xi−1, yi−1), (xi, yi), (xi+1, yi+1), (xi+2, yi+2)



xi = xi+1



yi 6= yi+1



xi−1 ≤ x < xi



(xi−1, yi−1)



(xi, yi)



xi ≤ x < xi+2



(xi+1, yi+1)



(xi+2, yi+2)



yi



yi+1



(xi−2, yi−2), (xi−1, yi−1), (xi, yi), (xi+1, yi+1), (xi+2, yi+2)



xi−1 = xi = xi+1



yi 6= yi−1



yi−1



(−1, 0)

(1, 1)

(1, 2) (3, 2)

(3, 0)

(5, 4)

−1 0 1 2 3 4 5 6
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5



(−1, 0), (1, 1), (1, 2), (3, 2), (3, 0), (3, 2)



(1, 2)



(3, 0)





f(1)





3x2 + 4y2 + 2xy + 2x+ 3





1e− 6



k



āx = λtAx ≤ λtb = −β +
∑

j:āj<0

ājUj +
∑

j:āj>0

ājLj ,



β > 0



Lj



Uj



λi ≥ 0



λi ≤ 0



āj ≥ 0



Uj =∞



āj ≤ 0



Lj = −∞



β



λ



minimize c′x
subject to Ax ≥ b

x ≥ 0



maximize b′y
subject to A′y ≤ c

y ≥ 0



≥



≥ 0



≤



≤ 0



−2



aTx ≤ b



aTx+ s = b



aTx+ s



l



q



s



g



l + q + s



l + q + s+ g



i− l − q − s



aT y ≥ c



aT y − z = c



aT y − z



|z|



m



cols



set



X



Set



m.NumV ars



m.numvars



231 − 1



y ≤Mb



1e− 5



Mb



zP



zD



gap = |zP − zD|/|zP |



zP = zD = 0



zP = 0



zD 6= 0



|zP − zD|



(10X012 + 2X01 ∗X02 + 2X02 ∗X01 + 2X022)/2



10X012



4X01 ∗X02



2X022



minimize y − 1.3x(1− z) + (1− z)
subject to 2y − 3x+ 1.7w = 1.7

−y + x+ xz(1− v) ≥ 0
−y ≤ 0,
v, w, x, y, z ∈ {0, 1}.



AAT



1 + x+ 2y



y + 2z



−1 · (1 + x+ 2y) + 2 · (y + 2z) = −1− x+ 4z



106



10



5



100



base value = max{bestsol, bestbound+ |bestbound| ∗ rgap, bestbound+ agap},



bestsol



bestbound



rgap



agap



20



120



{2, 2, 1}



{0.10, 0.05, 0.00}



{0, 1, 2}



max{10 · 0.10, 10 · 0.05, 0, 1} = 1



x− 6y = 1
0.333x− 2y = .333



y := 0.1665x− 0.1665



x− 6 · (0.1665x− 0.1665) = 1
⇔ 0.001x = 0.001



x = 1, y = 0



x− 6y = 1
0.3333333333333333x− 2y = 0.3333333333333333



y := 0.1666666666666667x− 0.1666666666666667



x− 6 · (0.1666666666666667x− 0.1666666666666667) = 1
⇔ 2 · 10−16x+ 1 + 2 · 10−16 ≈ 1



x = 6y + 1



1 ≈ 1 + 2 · 10−16



≤



a · x ≤ b



a · y ≤ c



min 0
s.t. x ≤ 0

x ≥ 10−10



10−6



10−5



103



10−9



x ∈ [−10−6, 10−6]



x ∈ [−1010, 1010]



10−16



(P ) max{cx : Ax = b, l ≤ x ≤ u}



D



Dii > 0, ∀i



(P )



(PD)



(PD) max{cDx′ : ADx′ = b,D−1l ≤ x′ ≤ D−1u}



104



1010



P



f1(x)



f2(x)



f̄(x) = Mf1(x) + f2(x)



10−13



10−7x+ 10y ≤ 10
x+ 104z ≤ 103

x, y, z ≥ 0,



[10−7, 104]



105



10−2x′ + 10y ≤ 10
102x′ + 10z ≤ 1

x′, y, z ≥ 0,



x = 105x′



[10−2, 102]



[10−3, 106]



x− 106y ≥ 0
y ∈ [0, 10]



x− 10y1 ≥ 0
y1 − 10y2 = 0
y2 − 10y3 = 0
y3 − 10y4 = 0
y4 − 10y5 = 0
y5 − 10y = 0

y ∈ [0, 10]



y = −10−6, x = −1



x− 103y′ ≥ 0
y′ ∈ [0, 104]



10−3y′ = y



−10−3



−10−9



x ≤ 106y
x ≥ 0
y ∈ {0, 1},



y = 0.0000099999



9.999



x ≤ 103y
x ≥ 0
y ∈ {0, 1}



x ≤ 0.01



y = 0⇒ x = 0



109



6 · 106/0.00099 = 6.0606 · 109.



1012



10−8



0.1



10−17



A−1b



ε



A−1(b+ ε)



η(b, ε) := ‖A−1b‖
‖A−1(b+ε)‖/

‖b‖
‖b+ε‖ .



κ(A) := maxb,ε η(b, ε).



κ(A) = λmax

λmin
,



λmax



λmin



κ(A) = ‖A‖‖A−1‖.



κ(A) = 10k



κ



max cx
s.t. Ax ≤ b.



max x+ y ~c = (1, 1)
s.t. −x ≤ 0 A1· = (−1, 0)

x ≤ 1 A2· = (1, 0)
−y ≤ 0 A3· = (0,−1)
y ≤ 1 A4· = (0, 1).



bt := (0, 1, 0, 1)



maxx∈R2{~cx : Ax ≤ b}.



~c



x∗



x

y ~c

A1·

A2·

A3· A4·

x∗



~cx



b̃t = (ε, 1, 0, 1)



~̃c = (1 + ε, 1)



Ã4· = (ε, 1)



x

y ~c ~̃c

A1·

A2·

A3·
Ã4·

A4·

x̃∗x∗



A4·



x ≤ 1



100x ≤ 100



x+ εy ≤ 1



100x+ εy ≤ 100



max y ~c = (0, 1)
s.t. −x ≤ 0 A1· = (−1, 0)

x ≤ 1 A2· = (1, 0)
−y ≤ 0 A3· = (0,−1)
y ≤ 1 A4· = (0, 1).



x

y ~c

A1·

A2·

A3· A4·

x1 x2 x3



x1



x3



x2



max εx+ y ~c = (ε, 1)
s.t. −x ≤ 0 A1· = (−1, 0)

x ≤ 1 A2· = (1, 0)
−y ≤ 0 A3· = (0,−1)
y ≤ 1 A4· = (0, 1).



x

y ~co~c−ε ~cε

A1·

A2·

A3· A4·

x1 x2



(0, 0)



(0, 1)



(106, 1)



(106, 0)



1− 106ε



max y ~c = (0, 1)
s.t. −x+ εy ≤ 1 A1· = (−1, ε)

x+ εy ≤ 1 A2· = (1, ε)
−y ≤ 0 A3· = (0,−1)



x

~c

A1·

A2·

A3·

x∗



A1·



A2·



x∗ = (0, 1
ε )



(1 + δ, 1)



x̃∗ = (− δ2 , 2+δ
2ε )



L1



‖x∗ − x̃∗‖1 = |δ|
2 + |δ|

ε



δ



(−1, δ)



x̃∗ = (1− 2ε
ε+δ ,

2
ε+δ )



δ = ε/2



1
ε



4
3ε



limε→0+ ‖x∗‖ =∞



y ≤ 104



10−4



sin(2π i
106 )x+ cos(2π i

106 )y ≤ 1, ∀i ∈ {1, . . . , 106},



R2



~c



[−1, 1]



~c 1

~c2



~c1



~c1 = (0, 1)



~c2 = (1, 0)


